A general expression resembling Breit-Wigner formulae is derived for the description of resonances which appear in meson-meson scattering. Starting point is a unitarised meson model, but reduced to a simpler form and freed from the specific assumption about the confining force. The parameters of the resulting "Resonance-Spectrum Expansion" are directly related to the confinement spectrum and the mechanism of 3 P 0 valence-quark-pair creation for OZI-allowed hadronic decay, and not to the central positions and widths of resonances. The method also provides a straightforward explanation for the origin of the light scalar mesons without requiring extra degrees of freedom.
Introduction
Lattice QCD in principle offers the most direct way to link to experiment what we believe to be the fundamental theory of strong interactions. However, for the time being only quenched calculations are capable of making, with reasonable accuracy, predictions for e.g. masses of mesons, as a result of the confinement sector of QCD [1, 2, 3, 4] . Relating such predictions to experimental data is quite a controversial issue though, since the states obtained in quenched lattice QCD (qlQCD) are manifestly stable, a circumstance which is clearly not the case in experiment, at least for most mesons. The reason of course is the difficulty of incorporating quark-pair creation in qlQCD, thus impeding the process of OZI-allowed strong decay, which is responsible for the large widths of many mesonic resonances. But also the central positions of such resonances may be quite displaced due to the effects of strong decay [5] , when compared with the stable qlQCD states. Moreover, the contributions of virtual hadronic decays through quark loops owing to the presence of closed OZI-allowed thresholds, which should also lead to real mass shifts, are not fully accounted for in qlQCD [6, 7, 8] . An additional complication is the observation that not even the number ofstates in the J P = 0 + sector of the qlQCD predictions seems to agree with experiment [9] , thus contributing to the general confusion concerning especially the light scalar mesons.
It is evidently a very unsatisfactory state of affairs that, notwithstanding the ever improving accuracy of the numerical predictions in qlQCD, these cannot be trusted to unmistakably confirm possible signals of new physics. In the present paper, we shall propose an alternative method of data analysis, which does allow for an accurate link between qlQCD, or any other, modeldependent formulation of confinement, and experiment. In the process we are also going to find a reliable approach to the light scalar mesons ( < 1 GeV).
The idea is simple and amounts to the observation that valence-quark-pair creation connects the states of qlQCD to the resonances which in experiment are seen in elastic and inelastic mesonmeson cross sections. Hence, if we model quark-pair creation in such a way that it theoretically can be turned on and off, then we are capable to predict the qlQCD states in the model limit of no-quark-pair creation. Such a philosophy already underlied an elaborate coupled-channel quark model [10, 11, 12, 13] , designed to simultaneously describe mesonic bound-state spectra, resonances, and meson-meson scattering. However, in spite of the model's success to reproduce a host of experimental data with a very limited number of parameters, it is clearly not suited as a tool for data analysis, owing to the specific model choice of the confiningpotential, and furthermore the rather complicated matrix expressions needed to obtain S-matrix-related observables. Therefore, in this work our strategy will be the following. By replacing the specific confinement part of the Hamiltonian of Refs. [10, 11, 12, 13] by a more general one, we allow here for any arbitrary discrete spectrum of "bare"states. At the same time, by using a simpler form for the coupling potential, describing the transitions between theand meson-meson sectors through 3 P 0 quark-pair creation, the complexity of the model's scattering solutions is substantially reduced. The resulting exact, closed-form formula for the S-matrix is subsequently fitted to the experimental data, i.e., partial-wave cross sections or phase shifts for meson-meson scattering, by adjusting the model parameters. Afterwards, we may study the theoretical limit of vanishing valence-quark-pair creation, described by a sole parameter, which decouples the bare states from the meson-meson continuum. The latter are supposed to be equivalent to the states found in qlQCD. Consequently, the masses of the thus resulting spectrum could then be compared with those from qlQCD calculations.
The organisation of the present paper is as follows. In section 2 we develop a modelindependent partial-wave S-matrix for the description of elastic and inelastic two-meson scattering. A so-called "Resonance-Spectrum Expansion" (RSE) is discussed in section (2.2). In section 3 the RSE is compared to the data for elastic Kπ S-wave phase shifts and P -wave cross sections in the one-threshold limit. The complex singularities of the corresponding S-matrices are shown to allow for an easy relation to theconfinement spectrum. The conclusions are presented in section 4.
Breit-Wigner-like scattering amplitudes
A suitable model in which the communication between the confinement sector of strong interactions with the two-meson continuum is enabled through valence-quark-pair creation has been proposed in a series of articles [10, 11, 12, 13] . It allows for the determination of partial-wave two-meson elastic and inelastic scattering cross sections, as well as for the search of singularities in the partial-wave coupled-channel two-meson scattering matrix for all possible valence flavours. Hence, it enables the calculation of resonances above and bound states below the lowest threshold, i.e., the meson spectrum. In the limit of no valence-quark-pair creation one obtains the confinement spectrum, or bare states, which may be compared to the states of qlQCD. The model has four parameters and four constituent quark masses. No distinction is made between up and down quarks. One of the model parameters parametrises the employed confinement mechanism (harmonic oscillator), whereas the other three parametrise the communication between the two distinct sectors of the model, that is, the permanently closed confinement channels and the meson-meson continuum channels. The model yields, with one set of four parameters and one set of four constituent quark masses, good results for heavy quarkonia [13] and light-meson spectra [11] , including the scalars [10] , as well as for two-meson scattering data [10, 11] .
Let us first study the generic form of the scattering matrix for permanently closed channels coupled to several meson-meson scattering channels, in a simplified version of the above model.
Scattering matrix for several coupled channels
When we describe quarkonia by wave functions ψ c and two-meson systems by wave functions ψ f , then we obtain for their time evolution the wave equation
Here, H c describes the dynamics of confinement in the interaction region, H f the dynamics of the scattered particles, and V t the communication between the two different sectors.
For the dynamics of confinement we understand here that, as a function of the interquark distance r, the resulting quark-antiquark binding forces grow rapidly outside the interaction region. Consequently, we must eliminate ψ c from Eqs. (1), since it is vanishing at large distances and thus unobservable. Formally, it is easy to do so. We then obtain the relation
By comparison of Eq. (2) with the usual expressions for the scattering wave equations, we must conclude that the generalised potential V , which results from the set of coupled equations
(1), is here given by
In the momentum representation Eq. (3) takes the form
Let us denote the configuration-space representation of the properly normalised eigensolutions of the operator H c of Eqs. (1), corresponding to the energy eigenvalue E nℓc , by
Here, n and ℓ c represent the orbital radial and angular excitations of the quark-antiquark system, respectively. Hence, when we let the self-adjoint operator H c act to the left, we obtain for Eq. (4) the expression
Evaluation of this equation leads to the Born term of the transition amplitude.
However, now we find it opportune to select the operators H f and V t such that it becomes possible to determine all higher-order terms of the transition amplitude. By doing so, we leave no doubt about the analyticity and unitarity properties of the resulting scattering matrix. In configuration space we define these operators by
where µ represents the reduced-mass matrix of the meson-meson system, and M 1,2 stand for matrices that contain the masses of the two mesons in each scattering channel. We limit ourselves to diagonal mass matrices in this work.
The transition potential V t in Eqs. (7) is, as we shall see below, a reasonable approximation to the quark-pair-creation transition potentials described in Ref. [14] . It is parametrised by λ, which determines its intensity, and by a, which stands for the average distance between the interacting particles (either a quark and an antiquark, or two mesons) where transitions from one sector to the other take place. In practice, a should come out of the order of 1 fm, which is confirmed by adjusting the model parameters to the experimental data.V t is the matrix that contains the relative intensities for transitions between the meson-meson and quark-antiquark sector(s).
Notice that we assume here spherical symmetry for all interactions.
With the choices of Eqs. (7), we obtain for the full (to all orders in λ) partial-wave scattering matrix the exact expression
where p, µ, J(a) and H (1,2) (a) are diagonal matrices throughout this work, with as many diagonal elements as meson-meson channels considered. The non-vanishing matrix element
represents the relative linear momentum in the centre-of-mass (CM) system of the i-th scattering channel. The diagonal elements of J(a) and H (1,2) (a) are related to the usual spherical Bessel and Hankel functions by
where ℓ i stands for the relative angular momentum in the i-th scattering channel.
The matrixV t contains the coupling constants which are worked out in Ref. [15] . In case only onechannel is considered (S-wave meson-meson scattering for isodoublet and isovector), the matrixV t is just a row vector. Then the expression
is just a real number, that is, a function of the total CM energy E.
In case one considers morechannels (S-wave meson-meson scattering for isoscalar coupled nn and ss channels, or P -and higher-wave scattering),V t has as many rows aschannels. Then the resonance sum (11) is a real matrix of the size of the number ofchannels.
The Resonance-Spectrum Expansion
Expression (8) (11) will give support to the study of the confinement dynamics and the mechanism of hadronic decay. Below we shall show how well the procedure works for data analysis.
In Refs. [10, 11, 13] all possible pseudoscalar-pseudoscalar, pseudoscalar-vector, and vectorvector scattering channels are coupled, through 3 P 0 nonstrange and strange quark-pair creation, to the relevant valence quark-antiquark channels. For isovector and isodoublet flavours one then has one (for S-wave scattering) or two (for P and higher waves) permanently closed channels coupled to many scattering channels. For the light isoscalars the number of permanently closed channels is doubled, one channel for nn and one for ss. The intensities of the relative couplings for the transitions between permanently closed channels and the various scattering channels are controlled by flavour independence, which is an observed property of strong interactions [16] .
This has been worked out in Ref. [17] , and in some more detail in Refs. [15, 18] . As a result, also in Refs. [10, 11, 13] only one overall parameter is left for all possible transition intensities, which can be switched on and off. The behaviour of this more complex model is, especially near the lowest threshold, very similar to the behaviour of the scattering matrix given in formula (8).
In Refs. [10, 11, 13] , a harmonic oscillator with flavour-independent frequency was chosen for the description of the confinement dynamics in the permanently closed channels. Hence, by switching off the overall transition parameter, one obtains the harmonic-oscillator spectrum.
On the other hand, by switching it on, the experimental data for two-meson scattering are reproduced, as well as bound states like the Kaon and the J/Ψ. Here, we do not intend to specify the confinement Hamiltonian H c of Eqs. (1), but shall follow a different strategy. We observe that the expressions F nℓc (a) in formula (8), i.e., the values of the eigenfunctions of the confinement operator H c at distance a, are c-numbers independent of the total CM energy E. In model [10, 11] , F nℓc (a) and E nℓc represent the harmonic-oscillator eigenstates and eigenvalues, respectively, which need only one free parameter, the oscillator frequency. However, since the confinement mechanism is here supposed to be unknown, we might as well substitute |F nℓc (a)| 2 and E nℓc by arbitrary non-negative real constants, B nℓc and E nℓc , to be adjusted to the experimental data, i.e.,
In practical calculations, one may limit the sum in this "Resonance-Spectrum Expansion"
(RSE) to a few (= N) resonances only, and approximate the sum of the remaining terms by a constant, assuming E ≪ E nℓc for n > N. This way one obtains Breit-Wigner-like expressions.
By redefining λ and the B nℓc 's one might take the above-referred constant equal to −1,
An alternative approach is to absorb λ 2 into the B nℓc 's and then separate the relevant terms and the remaining sum. We shall not follow this strategy, since we want to keep explicit the dependence on the parameter which provides the communication between the scattering and confinement sectors.
At this point it is opportune to discuss the model dependence of our procedure. By the substitution (12), any relation to the quantum numbers of the confinement sector is lost. We just continue to label the B nℓc 's and E nℓc 's in order to distinguish them properly. It also implies that a direct reference to the 3 P 0 mechanism is lost. What is left is just the choice (7) for the remaining operators, where H f does not even contain final-state interactions, and V t is a spherically symmetric local approximation to almost any possible transition mechanism that provides the experimentally observed OZI-allowed communication between the confinement and meson-meson scattering sectors. In summary, the model only assumes that non-exotic mesonmeson scattering is dominated by the coupling to s-channel resonances.
One threshold
Let us consider the case of one permanently closed channel coupled to one meson-meson scattering channel. Using formulae (8) and (12), one deduces the partial-wave scattering phase shift δ ℓ (p)
for elastic meson-meson scattering, which is a function of the relative momentum in the CM frame,
withV t absorbed in λ.
Notice that the partial-wave phase shifts vanish for λ → 0, unless one takes at the same time the limit E → E nℓc , which represents therefore the no-interaction limit in the two-meson system.
It is indeed the parameter λ that switches valence-quark-pair creation on and off.
Formula (14) 
concerning singularities in the complex-energy plane. Their precise locations can be determined numerically, starting from the approximate values (15) .
The values of E nℓc correspond to the confinement spectrum. These are the quantities of interest in this work. Let us consider next the case of Kπ scattering, as an example.
In Fig. 1 we show the result of formula (14) for the cross sections of I = 
where we neglect possible ℓ c = 2 contributions. P -wave scattering. The data are taken from Ref. [27] .
The theoretical curve agrees well with the data. For the P -wave Kπ scattering length, we find here the somewhat too low result a
π , to be compared to the experimental values taken from Ref. [28] (in units of m −1 π ), namely 0.017 [29] , 0.018 ± 0.002 [30] , and 0.018 [31] , or to the chiral-perturbation-theory result 0.013 ± 0.003 [32] . Nevertheless, the procedure of substitution (18) leads to a more than satisfactory description in the relevant domain of CM energy, thus allowing to read off the value for the bare K * (892) mass, i.e., 0.945 GeV.
Moreover, one may inspect the scattering matrix, which follows from expression (14) after substitution (18) , for its singularities in the complex-energy plane. One finds one pole at 0.887 − 0.027 i GeV .
(19)
The relation between the position of the singularity and the Breit-Wigner-like parameters is lost. However, one gains a simple relation to the confinement spectrum. Moreover, in the substitution (18) one may take an arbitrary number of resonances into account.
In order to verify that singularity (19) stems from the bare state at 945 MeV, we may stepwise switch off the model parameter λ and inspect the theoretical positions of the corresponding singularities. This procedure is shown in Fig. (2) . Re(E)
Im(E) 
Kπ S-wave scattering
In Fig. 3 we show the result of formula (14) for the phase shifts of I = 1 2 elastic S-wave scattering,
for the values λ = 0.75 GeV −3/2 and a = 3.2 GeV −1 , and with the substitution π , to be compared to the experimental values taken from Ref. [28] (in units of m −1 π ), i.e., 0.33 ± 0.01 [27] , 0.237 [29] , 0.240 ± 0.002 [30] , 0.13 ± 0.09 [31] , and 0.22 ± 0.04 [35] , or to the chiral-perturbation-theory result 0.17 ± 0.02 [32] .
From Eq. (20) 
However, when we search formula (14) , after substitution (20) , for singularities, then we find, besides the two corresponding singularities at (1.458 − 0.118 i) GeV and (1.713 − 0.019 i) GeV ,
also an additional one at S-wave cross sections deduced from the phase shifts of Fig. 3 .
In Fig. 4 we depict the transformation of the theoretical and experimental phase shifts of elastic partial S-wave cross sections, which show a clear signal at about 830 MeV, with a width of some 500 MeV, as possibly also seen in a very recent experiment by the E791 collaboration [36] . Notice, however, that neither the theoretical, nor the experimental cross sections exhibit a dip, characteristic for Breit-Wigner distributions.
The singularity (23) , which in model [10] comes out at (0.727 − 0.263 i) GeV, is interpreted as the isodoublet partner K * 0 (727) of the f 0 (400 − 1200). A corresponding resonance has also been reported in several other works [37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50] in more recent years. The preliminary experimental result of the E791 collaboration reported in Ref. [36] awaits further confirmation.
The singularities (22) correspond to the ground state (n = 0, ℓ c = 1) at E 0,1 and the first radially excited state (n = 1, ℓ c = 1) at E 1,1 of the confinement spectrum, respectively. By reducing the value of the coupling constant λ, the singularities (22) move towards E 0,1 and E 1,1 , respectively, which can be most clearly understood from expression (15) . The complex-energy singularities of the partial S-wave scattering matrix (8) , resulting from stepwise reducing the theoretical coupling constant λ in formula (14) , are depicted in Fig. (5) . Re(E)
Im(E)
• λ = 0.10 Figure 6 : Complex-energy pole positions of the scattering matrix, which result from formula (14) and substitution (20) , as a function of the coupling constant λ. Units are in GeV.
The singularity (23) acquires a larger imaginary part when λ is reduced, thus describing a state with ever increasing width, which is a highly nonperturbative phenomenon. For vanishing coupling constant, one observes that the K * 0 (727) disappears into the scattering background. This is a very important observation, since it implies that the K * 0 (727) singularity is a consequence of the transition mechanism that provides the communication between the πK sector and the strange-nonstrange quarkonium sector. No such phenomena are observed for P -and higherwave meson-meson scattering. So we may conclude that a corresponding effect is screened from observation by the centrifugal barrier in Eq. (2) . Consequently, the mechanism of valence-quarkpair creation appears to be more important in S-wave meson-meson scattering.
The absence of a direct relation between the K * quarkonium sector has for the first time been demonstrated in Ref. [10] , where similar singularities are shown to describe the properties of the f 0 (400 − 1200), f 0 (980), and a 0 (980) resonances, thereby resolving two important issues: the nature of the light scalar mesons and the completion of the light scalar nonet.
The positions of the various singularities for πK S-wave scattering in the complex-energy plane as a function of λ can of course be obtained from the analyticity properties of the scattering matrix S(E) (8), or, as no approximations are made in the determination of S(E), directly from the dynamical equations (1) and (7) . In an extensive study on multichannel scattering with permanently closed channels [53] , resonances like the here described K * 0 (727) are distinguished from the fundamental resonances related to the bound states of H c , and referred to as hadron molecular states. The idea of meson molecules has been worked out in several papers [54, 55] , as a possible explanation for the light scalar mesons a 0 (980) and f 0 (980). However, the term molecule gives the wrong impression that thecomponent has no importance for these states.
From the dynamical equations (1) one may determine the contribution of the strange-nonstrange quarkonium sector to the wave functions for any of the states under the K * 0 (727) resonance. The theoretical distribution of Fig. 4 could well be used for experimental analysis, by optimising the adjustment of the here proposed parameters to the data. Especially the absence of the dip in the cross section is well accounted for in formula (14) with substitution (20) . It has moreover the advantage that a direct relation exists between the theoretical distribution and the phase shifts and scattering matrices, which enables the precise location of the singularity associated with the K * 0 (727).
Conclusions
We have shown that the RSE parameters E nℓc of formula (12) relate experiment to qlQCD calculations of hadron masses better than the usual central Breit-Wigner positions of resonances do. This is not only a consequence of the potentially large mass shifts due to hadronic decay, but also owing to the nice feature of the RSE procedure that S-matrix singularities not originating from genuine confinement can easily be isolated. As an important application of the RSE, it is shown here, through the example of the K * 0 (727), how the light scalar mesons can be described by S-matrix singularities which are not directly related to the ground states of the J P = 0 + confinement spectrum.
The RSE parameters B nℓc of formula (12) incorporate the unknowns of hadronic decay processes. Empirical knowledge of these parameters will certainly give a substantial contribution to the detailed study of hadronic decay at low and intermediate energies.
With respect to the quantitative conclusions of the present work, a word of caution is in place.
Since expression (8) allows for it, we may also inspect the effects of higher thresholds. This has been carried out for harmonic-oscillator confinement in the model of Refs. [10, 11, 12, 13, 14, 15] , with the following results: for P -wave non-exotic two-meson scattering, both with J P C = 0 −+ and J P C = 1 −− , the real parts of the singularities which correspond to the ground states at E 0,0 of the confinement spectrum come out some 300-400 MeV below E 0,0 . For the higher radial excitations these shifts are considerably smaller. For S-waves the shifts are also smaller for the ground states and, moreover, in the positive direction. When we compare these findings with the one-threshold results shown above, we must conclude that higher thresholds should be taken into account for a more quantitative determination of the confinement and decay mechanisms.
In particular, the second singularity of formula (22) might come out rather displaced, if higher thresholds are accounted for. This will be investigated in future work.
